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THE T-SINGULAR HOMOLOGY OF ORBIFOLDS 


YOSHIHIRO TAKEUCHI AND MISAKO YOKOYAMA 


Abstract. For an orbifold M we define a homology group, called t-singular 
homology group t-H q {M ), which depends not only on the topological structure 
of the underlying space of M, but also on the orbifold structure of M. We prove 
that it is a b-homotopy invariant of orbifolds. If M is a manifold, t-H q (M) 
coincides with the usual singular homology group. We calculate the t-singular 
homology groups with Z-coefficients of several orbifolds. The t-singular ho¬ 
mology group with rational coefficients of an orbifold M is isomorphic to the 
singular homology group with rational coefficients of M (and to that of |M|). 

For each q we define a homomorphism from the orbifold homotopy group 
ir q (M, XQ) to t-Hq(M) by using of t-modifications. Especially, t-H \ ( M ) is 
isomorphic to the abelianization of xq) if M is arcwise connected. 


1. Introduction 


The notion of orbifold was first introduced by [Sa] under the name of F-manifold. 
The name of ‘orbifold’ is after [Th], where orbifolds, especially 3-orbifolds, were 
studied hardly from a different view point. 

Speaking of the algebraic invariants of orbifolds, in [Sa] Satake studied the sin¬ 
gular homology, de Rham cohomology and check (co)homology. The singular ho¬ 
mology group of an orbifold is isomorphic to the singular homology group of its 
underlying space. In [Th] Thurston studied the Euler number, and the fundamen¬ 
tal group of an orbifold. The latter was d efine d as the deck transformation group of 
the universal orbifold covering space. In | F-S Furuta and Steer defined a homotopy 
group and a cohomology of an orbifold. 

In this paper we define a homology group of an orbifold M, called t-singular 
homology group t-H q (M ), which respects the orbifold structure and is not a topo¬ 
logical invariant of the underlying space in general. The homotopy group ^T q (M, x 0 ) 
of M is regarded as the group of homotopy classes of ( 7 -dimensional singular spheres 
with base point Xq . Then we define the Hurewicz homomorphisms from the orbifold 
homotopy group to the t-singular homology group. 

When we imagine what ‘a singular homology group of an orbifold M’ is, three 
types of those might come into our minds. The first one is the singular homology 
group of the underlying space of M. The second one is the singular homology 
group of a topological space constructed from the orbifold M, or its variation. 
The third one is the singular homology group obtained by a generalization of the 
singular homology theory of manifolds to that of orbifolds. Here in this paper we 
will choose the third one. 

First we prepare two kinds of continuous maps of orbifolds. One is called just a 
continuous map, which consists of a continuous map between the underlying spaces 
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and a family of continuous maps between local uniformizations. The other is called 
a b-continuous map, which is continuous and maps at least one regular point to 
a regular point. The latter map was called an orbi-map in [Ta 1, Ta 2, T-Y lj, 
etc. Then homotopy equivalence and b-homotopy equivalence are considered. A b- 
homotopy was called an orbi-homotopy in Ta 1, Ta 2| , T-Y 1|, etc. Isomorphisms 
and covering maps between orbifolds are regarded as special cases of continuous 
maps of orbifolds. 

Next we define a g-dimensional t-singular simplex of an orbifold M to be a con- 
tinouous map from the standard g-dimensional simplex to M, which is ‘tame’ and 
‘transverse’ with respect to the singular set of M. Then the t-singular homology 
group of M is defined in a usual way by using of the chain complex of the free 
abelian group generated by t-singular simplices of M. Since an isomorphism be¬ 
tween orbifolds is a chain map and induces an isomorphism between their t-singular 
chain complices, this homology group is an isomorphism invariant of orbifolds. 

In general, a b-continuous map does not induce a homomorphism between the 
t-singular chain complices because the composition of a t-singular simplex and a b- 
continuous map is not necessarily a t-singular simplex. But we can define an induced 
homomorphism between the t-singular homology groups by a t-modification. The 
homomorphism does not depend on the choice of a t-homotopy in the modification. 
Then we prove the b-homotopy invariance of the t-singular homology group. 

The fundamental group of an orbifold is regarded as ‘the group of the b-homotopy 
classes of loops with fixed base point’. It is ismorphic to the group defind by 
Thurston in [ Th| as the fundamental group of an orbifold, that is, the deck trans¬ 
formation group of the universal covering space. It is also isomorphic to the group of 
equivalent classes of paths in the universal covering space, see |Ta 2\. We show ‘the 
Hurewicz isomorphism theorem’ which is the abelianization from the fundamental 
group onto the first t-singular homology group. 

In [F-£] Furuta and Steer defined n q of an orbifold as the 7r g _i of the orbifold loop 
space. In this paper n q is regarded as the group of the homotopy classes of singular 
g-spheres, which is eqivalent to the above. If g > 2, then TT q is commutative. We 
define the Hurewicz homomorphism from n q to the g-th t-singular homology group 
t-H q (M). 

In the following we summarize the contents of the paper. In Section 2 we give 
some basic preparations on orbifolds. In Section 3 we describe on (b-)continuous 
maps, (b-)homotopies, and the fundamental groups of orbifolds. In Section 4 we 
define the t-singular homology group of an orbifold. In Section 5 we define a t- 
modification to construct a homomorphism be tween the t-sing ular h omology groups 
induced by a b-continuous map (see Theorem 5. 1). Theorem |5. 16| says that if two 
orbifolds are b-homotopy equivalent, then their t-singular homology groups are 
isomorphic. In Section 6 we define the Hurewicz homomorphism from Tr q (M,Xo) 
to t-H q (M) where n q (M,Xo) is the g-th homotopy group of an orbifold M with 
base point Xo ■ We show the Mayer-Vietoris exact sequences and the Kiinneth’s 
formula for the t-singular homology in Sections 7 and 8. Some examples of the 
t-singular homology groups are given in Section 9. The singular (not t-singular) 
homology group of an orbifold is isomorphic to the singular homology group of its 
underlying space. We point out this fact in Section 10. In Section 11 we show 
that the t-singular homology group with rational coefficients of an orbifold M is 
isomorphic to the singular homology group with rational coefficients of M (and to 
that of \M\). In Section 12, we give the definition of the ws-singular cohomology of 
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an orbifold. In [T-Y 2] we will prove the duality theorem of the t-singular homology 
group between the ws-singular cohomology group. 


Acknowledgements. The authors would like to thank to Toshiyuki Akita, 
Yoshihiro Fukumoto, Mikio Furuta, Mitsuyoshi Kato, Norihiko Minami, Masaharu 
Morimoto, and Akihiro Tsuchiya for their useful comments. 

2. Preliminaries on orbifolds 

By an n-dimensional ( topological) orbifold M, we shall mean a Hausdorff space 
X together with a system S = {{Ui}, {g>i}, {Ui}, {Gi}, {ifiij}, {Vij}) which satisfies 
the following: 

(i) {Ui} is an open cover of X, which is locally finite and closed under finite 
intersections. 

(ii) For each Ui, there exist a finite group Gi acting smoothly and effectively on 
a connected open subset Ui of R]? and a homeomorphism ipi : Ui/Gi —► [/*. 

(iii) If Ui C Uj, then there exists a monomorphism rjij : Gi — > Gj and an em¬ 
bedding ipij : Ui —> Uj such that for any a £ Gi and x £ Ui, (pij{ax) = 
rjij(<j)<pij(x) and the following diagram commutes, where <fij is induced by 
the monomorphism rjij and the embedding tpij, and Ty, rj are the natural 
projections. 


( 2 . 1 ) 


TT TT 

Ui > Uj 

n rj 

Ui/Gi Uj/Gj 



Vi 


Ui -> Uj 

(iv) If Ui C Uj C I/*,, then c pj k o = (p ik . (From this formula and (iii), it holds 
that rj jk o rjij = rj ik .) 


Each ipi o n : Ui Ui is called a local chart of M, and {ipi o n : Ui —> Ui} is 
called a system of local charts of M. S is called an atlas of M. If S' is obtained 
from S by changing each f>ij to gj o f>ij for some gj £ Gj and satisfies (iv) (and 
automatically, (i) ~ (iii)), then S and S' give the same orbifold structure. Two 
atlases give the same orbifold structure if their union is again a compatible atlas. 
We call X the underlying space of the orbifold M, and denote it by the symbol \M\. 
Throughout this paper we assume \M\ to be paracompact. 

For each x £ \M\ a local chart ipor : U —> U of M such that U contains x is called 
a local chart around x, and U is called a local uniformization around x. The local 
group at x, denoted by G x , is the isotropy group of any point in U corresponding 
to x. This is well defined up to isomorphism. We call the order of G x the index 
(or weight) of x, and denote it by w{x). The set {x £ \M\ | G x ^ id} is called the 
singular set of M and denoted by ’EM. If EM = <j>, M is a topological manifold. 

A local chart Ui —> Ui/Gi —y U around x is reduced if Gi is the local group at 
x. A point of EM is called a singular point , and a point of \M\ — EM is called a 
regular point. A base point of M is a fixed chosen point of \M\ — EM. A stratum 
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of M is a maximal connected component of |M| on which the orders of the local 
groups are constant. We denote the set of all fc-dimensional strata by E^M. An 
orbifold M is connected if \M\ is connected. 

Remark 2.1. If each (pij is a smooth embedding in the above, we call M a smooth 
orbifold. Note that (iv) is not assumed in the definition of orbifold (V-manifold) in 
fH or (Th|. 

3. Continuous map, homotopy and fundamental group 

In this section first we review the definitions of (b-) continuous map between orb- 
ifolds. Isomorphisms and covering maps are regarded as special cases of continuous 
maps (cf. |fTh|). 


Definition 3.1. Let M and N be or bifolds. By a continuous map f : M —> N, 
we shall mean a continuous map |/| : |M| —> |IV| together with a system T = 
0 c % '• Ui > o Sj : Vj > Vj^j^z j, {/iv ■ Ui * of a 

system of local charts of M, and of N, and a family of continuous maps, where 
Ji = {v G J | \f\(Ui) C 14}, which satisfies the following: 

(0) For any i G I, Ji 4 0. 

(i) For any i G I and any v G Ji, |/| o (ipi o rf) = o s v ) o f iv . 

(ii) For any i G /, any v G Ji, and any a a G Aut (Ui,<fi o n), there exists an 
element ta G Aut ( 14 , 4>v ° s v ) such that fi„ o a a = ta ° fiv 

(iii) If Ui C Uj, \ f\{Ui) C 14 , \f\(Uj) C 14 , and V u C V^, then f iv = fj^oifij. 
Since Ui—Sing (Gf) is connected, #(<Pi o ri)^ x (x) = #Aut(f7i,y>i o rf), x G Ui — 
(Ui n EM). Then, Aut (Ui, <pi o rf) = Gi. 

We call I/I and {./4} the underlying map and the structure maps of the continu¬ 
ous map /, respectively. We often denote the above / by / = (|/|, {/«/}). We call 
T an atlas of /. 

If /' is obtained from / by changing each fi V to g u o f it , for some < 7 „ G G„ and 
satisfies (iii) (and automatically, ( 0 ) ~ (ii)), then / and f give the same continuous 
map structure. Two atlases give the same continuous map structure if their union 
is again a compatible atlas. 

A continuous map / : M —> N is b-continuous if there exists a point x G |M| — 
EM such that |/|(x) G |IV| — T.N. It was called an orbi-map in |Ta 1, Ta 2, |T- Y 1 1 , 
etc. A b-continuous map induces a homomorphism bet ween t he fu ndam ental groups 
and local fundamental groups of orbifolds, see Lemma 3.13 and |Ta 2|. 


Remark 3.2. Let M, N be smooth orbifolds. Then a continuous map / : M —> N 
is called smooth if each is smooth. 

Definition 3.3. Let M and N be orbifolds. A continuous map / = (\f\,{fiv}) ■ 
M —> N is an isomorphism if it satisfies the following: 

(i) |/| : |M| —> |TV| is a homeomorphism. 

(ii) For each x G |M|, there exist reduced local charts U x —> U x /G x = U x and 

^l/l( x ) ->• = U ( f |( S ) around x and |/|(x), respectively, and an 

isomorphism r) x : G x —> G|/|( x ) between the local groups of x and |/|(x), 
respectively, such that each structure map f x :U x ^> f/|/|(x) I s a homeomor¬ 
phism and for any a G G x and any z G U x , f x (crz) = rj x (a)f x (z). 
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An isomorphism is automatically a b-continuous map. If S M = S7V = 0, then 
an isomorphism / : M —> N is a usual homeomorphism. If we discuss about an 
isomorphism between smooth orbifolds, we require that each f x is a diffeomorphism. 


Definition 3.4. Let M and N be orbifolds. Let /, g : M —> N be continuous 
maps. By a homotopy from f to g (relative to A C M) we shall mean a continuous 
map H : M x [0,1] —► N which satisfies the following: 

(i) H(;0) = /(■)• 

(ii) = <?(•)■ 

( (iii) H(a , s) = /(a) = 5 ( 0 ) for any s£ A and any s £ [0,1]. ) 

If the above / and g are b-co ntinuous, H is calle d a b -homotopy. A b-homotopy 
was called an orbi-homotopy in |Ta 1, La 2, L-Y 1], etc. 


Definition 3.5. Let M and N be orbifolds. A continuous map / : M —* N is a 
homotopy equivalent map from M to N if there exists a continuous map g : N —► M 
such that g o f is homotopic to idM and / o g is homotopic to idjv- 

If the above f,g,f°g and g o f are all b-continuous, / is called a b-homotopy 
equivalent map. 


Example 3.6. A cyclical bailie 3-orbifold B 3 (n) with index n is b-homotopy equiv¬ 
alent to a discal 2-orbifold D 2 {n) with the same index n. 


Example 3.7. Let / be a trivial continuous map from a discal 2-orbifold D 2 {n ) to 
a point x, that is, a connected 0-dinrensional manifold. Let g be a continuous map 
from x to D 2 (n) defined by g(x) = c, where c is the singular point of D 2 (n). Then 
g o f (resp. fog) is homotopic to idjj 2 ^ (resp. id x ), and D 2 {n) is homotopy 
equivalent to x. Note that / is b-continuous but g is not. Thus the pair of / and 
g does not give the b-homotopy equivalence of D 2 (n) and x. Indeed, P 2 {n ) is not 
b-homotopy equivalnet to x. This fact will be derived from Theorem 5.16 and the 
result of Subsection 9.2, or from computing their fundamental groups 7Ti(D 2 (n)) = 
Z n and 7Ti({a;}) = 1. See 3.10 for the definition of ni. 


Definition 3.8. Let M and N be orbifolds. A continuous map p = (\p\,{pw}) : 

M —► N is a covering map if it satisfies the following: 

(i) The underlying map \p\ : \M\ —► \N\ of p is onto. 

(ii) For each x £ \N\ and each x £ |p| _1 (s), there exist reduced local charts 
U x —> U x /G x = U x and U x —> U x /G x j = V x j, around x and cc, respectively, 
such that each structure map p x '■ U x —» U x is a homeomorphism and the 
following diagram commutes where G x j is a subgroup of G x , V x j is the 
component of |p| _1 (t4,) containing x and q is the natural projection: 


(3.1) 


U x 


U x 


U x / G x j 


U x /G x 


-> V x . 

bl i 

u x 


An isomorphism is a covering. An orbifold M is good if there exists a covering 
p : M —> M such that M is a manifold. 

A suborbifold V of an orbifold M is called the regular neighborhood of a point x 
in M, if the underlying space |V| is included in U where ipor : U —> [/ is a reduced 
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local chart around x and (</5or) _1 (|f7|) is the regular neighborhood of (</>or) _1 (:r). 
A suborbifold N is called the regular neighborhood of a subspace Q in M, if \N\ is 
the regular neighborhood of \Q\ in M and N = U Ke |Q|14, where V x is the regular 
neighborhood of x in M. 


Definition 3.9. Let M be an orbifold. A b-continuous map a = (|a|,{a»i/}) : 
[0,1] —> M with |a|(0) £ \M\ — EM is called a path in M. The point |a|(0) is called 
the initial point of a, and |a|(l) is called the terminal point of a. If |a|(0) = p and 
|a|(l) = q, a is called a path from p to q. The initial and terminal points of a are 
called the end points of a. If a path a in M satisfies that |a|(0) = |a|(l), it is called 
a loop in M, and |a|(0)(= |a|(l)) is called the base point of a. The product a ■ b of 
paths a and b can be defined if and only if |o|(l) = |6](0) (then |a|(l) £ \M\ — 'EM), 
and the definition is as follows: 


(3.2) 


a ■ b(t) 


a(2t) 0 <t<\, 

b(2t - 1) A- < t < 1. 


An orbifold M is arcwise connected if for each two points x,y £ \M\ — EM there 
exists a path from x to y in M. 


Definition 3.10. Let M be an orbifold and let xg be a point of \M\ — EM. The 
fundamental group tti(M,xo) of M with base point Xg is the group of homotopy 
classes, relative to <9[0,1], of loops in M with base point Xg, where the product of 
[a] and [ 6 ] is defined by 

(3.3) [a][b] := [a-b]. 


Proposition 3.11. Let M be an arcwise connected orbifold and let x, y be any 
two points of \M\ — EM. Then the fundamental groups 7Ti (M,x) and (M,y) are 
isomorphic. 

Proof. Since M is arcwise connected, there exists a path 7 : [0,1] —> M from x to 
y. By using 7 we can construct an isomorphism from 77 (A/, x) to 717 (M, y) as usual 
way. □ 


Proposition 3.12. Let M be an orbifold with base point xg £ \M\ — EM, and let 
p : M —> M be the universal covering of M. Note that M is not necessarily a 
manifold. Then the fundamental group 7Ti(M, #o) of M is isomorphic to the deck 
transformation group Aut (M,p) of p. 


Not e that Thurston defined the fundamental group of an orbifold M by Aut (M,p) 
in [frh|. 


Lemma 3.13. Let M, N be orbifolds, and f : M N be b-continuous map. 

(i) The homomorphism between the fundamental groups of M and N can be in¬ 
duced by f. 

(ii) Let ip o r : U —> U, ip o s : V —> V be local charts of M and N, respectively , 
such that |/|(f7) C V. Then the homomorphism between the local fundamental 
groups of M\U and N\V can be induced by f. 


Proof, (i) Since / is b-continuous, there exists a point Xo £ \M\ — EM such that 
\f\(xg) £ \N\ — EN. The induced homomorphism /* : ni(M,xo) —> 7Ti (N, |/|(a;o)) 



THE T-SINGULAR HOMOLOGY OF ORBIFOLDS 


7 


can be defined by /*([a]) := [/ o a] where a is a loop with base point Xq- See | Ta 2| 
for the case of good orbifolds. 

(ii) Let yo £ U — E(M|17) be a point and c be a loop in M\U with base point yo- 
Take a path i from xq to yo which does not intersect any singular point. Though 
foe might map into the singular set, / o i intersects at least one regular point 
in N\V. That is, there exists to £ [0,1] such that |^|(to ) 5 |/| ° 1^1 (to) are regular 
points of M\U and N\V, respectively. Thus we can define /* : ni(M\U, |t|(to)) —> 
m(N\V, |/| o \e\(to)) similarly to the above. □ 


4. Definition of t-singular homology 

Recall that a q-dimensional standard simplex is the subspace of R 9+1 defined by 
(4.1). We denote it by A 9 . 


(4.1) A 9 = < x = {x 0 ,X!,... ,x q ) € 


Xi = 1 , Xi > 0 , * = 0 , 1 ,... 


i=0 


Definition 4.1. Let M be an orbifold. 

(i) A g-dimensional singular simplex of M is defined to be a continuous map 
4' : A 9 —> M. 

(ii) A singular simplex H/ : A 9 —> M is tame if |H'| _ 1 (EM) is finitely triangulable. 


Definition 4.2. A g-dimensional singular simplex H> : A 9 —► M of an orbifold M 
is non-transverse with respect to an i-dimensional stratum s £ E^M if either T 
is not tame, or for a connected component P of the inverse image |'L| -1 (s) of the 
closure s of s and an open neighbourhood U C A 9 of P, there exists a homotopy 
H : A 9 x [0,1] —* M which satisfies the following: 

(i) H(x, 0) = U/(a;) for any x € A 9 . 

(ii) H(x,t) = Hi(a;) for any x G A 9 — U, any t G [0,1]. 

O 

(iii) H(x,t) C U zS ^(p) N z for any x G U, any t G [0,1] where N z is a regular 

O 

neighbourhood of 0 and Nz is the interior of N z . 

(iv) |if |(17,1) D s = 0. 

Otherwise Hi is called transverse with respect to s. If for any i. 0 < i < dim EM, 
and any s G EWjlf, Hi is transverse with respect to s, then T is called transverse 
with respect to EM. 


Definition 4.3. A g-dimensional t-singular simplex of an orbifold M is a g-dimensional 
singular simplex H> : A 9 —> M of M such that each face of A 9 is transverse with 
respect to EM. 

Definition 4.4. A q-dimensional singular chain (resp. t-singular chain) of an orb¬ 
ifold M is a finite linear combination ]T7 nj'&j of g-dimensional singular simplices 
(resp. t-singular simplices) of M. We denote the free abelian group with basis of all 
g-dimensional singular simplices (resp. t-singular simplices) of M by C q (M) (resp. 
t-Cq (M)). By Definition [h|, t-C n (M ) is a subgroup of C n (M). 

Remark 4.5. If an orbifold M is a manifold, then the above C q {M) (resp. t-C q {M)) 
coincides with the group of usual g-dimensional singular chains of M. 
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The boundary operator is defined by the usual way as follows: 


Definition 4.6. Let M be an orbifold and T £ C q (M). For i = 0,1,..., q we 
define £ C q -\{M) by 

(4.2) di^{x Q,X\,...,X q -l) = ^{X 0 ,X1, . . . ... ,X q -l). 


Then the boundary operator d : C q (M) —» C q -i(M) is defined by 


(4.3) 


9 = E(-1)^, 


i=0 


which satisfies that d o d = 0. By Definition 4.3 it holds that d(t-C q (M)) C t- 
C q -i(M), and £-C*(M) is a subchain complex of C*(M). 


Definition 4.7. Let M be an orbifold. As the usual way, we denote some sub¬ 
groups of C q (M ) as follows: 

Z q (M) = {c £ C q (M) | d(c) = 0}, 
t-Z q (M) ={c£ t-C q (M) | 9(c) = 0}, 

{ > B q (M) = {c £ C q (M) | 3d £ C q+1 (M) s.t. d(d) = c}, 

t-B q (M) ={c€ t-C q (M) | 3d £ t-C q+ i(M ) s.t. 9(d) = c}. 

Each element of Z q (M) (resp. t-Z q (M )) is called a ^-dimensional cj/c/e (resp. t- 
cycle ). And each element of B q (M) (resp. t-B q (M )) is called a (/-dimensional 
boundary cycle (resp. t-boundary cycle). Then the singular homology (resp. t- 
singular homology) of M is defined by Z q (M)/B q (M) (resp. t-Z q (M)/t-B q (M)) 
and is denoted by H q (M) (resp. t-H q (M)). 


Remark 4.8. (i) Any continuous map between orbifolds induces a chain map be¬ 

tween the singular complices. Thus the singular homology group is a homo- 
topy invariant of orbifolds. 

(ii) Any continuous map that is an embedding of orbifolds induces a chain map 
between the t-singular complices. In particular an isomorphism / : M —> A^ 
between orbifolds induces a chain map /# : t-C* (M) —> t-C*(N), which 
maps isomorphically t-C*(M) (resp. t-Z*(M), t-B*(M)) to t-C*(N) (resp. t- 
Z*(N), t-B*(N)). Thus the t-singular homology is an isomorphism invariant 
of orbifolds. In fact, the t-singular homology group is a b-homotopy invariant 
of orbifolds by Theorem 5.1(i| . See Section 5 for the case of a b-continuous 
map between orbifolds that is not necessarily an embedding of orbifolds. 


5. T-MODIFICATION 

Though any continuous (resp. b-continuous) map between orbifolds induces a 
homomorphism between the singular chain complices, it does not induce a homo¬ 
morphism between the t-singular chain complices in general. This is caused by 
the fact that the composition of a t-singular simplex and a continuous (resp. b- 
continuous) map is not necessarily transverse with respect to the singular set of 
the orbifold. In this section we develope a ‘t-modification’ of a singular chain and 
define a homomorphism between the t-singular homology groups induced by a b- 
continuous map between orbifolds. 
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Definition 5.1. Let E = d(A q x [0,1])- Int(A 9 x 1). Let l be the line through the 
barycenters of A 9 x 0 and A 9 x 1. Let O be the point on l such that d( O, A 9 x 1) = 1 
and O 0 A 9 x 0. We define a map p : A 9 x [0,1] —» E be the intersection point of the 
line from O to (x, s) € A 9 x [0,1] with E. That is, rj(x, s) = OzC\E, where z = (x, s). 
Let (f> : E —> M be a continuous map. Let {Ui} be an open covering of E which gives 
the orbifold structure of E and O * Ui = {tO + (1 — t)x £ R 9+1 | x £ Ui, 0 < t < 1}. 
Let (j)^ : Ui —> Vj be the structure maps of (p. Let Wij = (O * Ui) n {(Uj n 
A 9 ) x [0,1]}. We define the sunny extension $ : A 9 x [0,1] —> M of (p as follows: 
|$| : A 9 x [0,1] —> M is defined as |$|(x, s) = |<^|( 77 ( 0 ;, s)). $ij,v : Wij —► V v is 
defined as $ij^(x,s) = (pi v {r){x, s)). 

By a we shall mean the inverse mapping of the embedding from the local 
uniformization V ai ... ar of V ai ... ar := 0,14, into V b , b £ {ai,... ,a r }. 

Lemma 5.2. Let M be an orbifold and ip : A 9 = [xq - ■ ■ Xq\ —> M a q-dimensional 
singular simplex. Let <p s k : \xq ■ ■ ■ x k ■ ■ ■ x q ] — > M, k = 0,1,..., q, be homotopies with 
4>l = ^P\[xo ■ ■ ■ x k ■ ■ ■ x q ). Let {ipi v :Ui ^V u } ieI , veJi and {{(p s k ]i (Ks) u (k<s) ■ U i(ka) ->• 
V V(J> a) }j (fc . e j (fc s) eJi be structure maps of ip and <p k , respectively, such that 

\( U Hk,0) 1-1 Ui) = 1-1 Ui).i 

k = 0,..., q. Then there exists a homotopy ip s : [xo ■ ■ ■ x q \ —> M such that 
ip s | [xo • • • Xk •' • x q \ = <P% if and only if 

(|$fe|)|[x 0 ■■■Xk---Xf-X q ] = (|0?|)|[*o ■■■Xk---Xf-x q ] 

and 

0 (&k)i(k,s) I '(k,s) ^ Ui^ t s) ) 

= ^ v (k,s) v (e,s ) 0 (^)*(/,«)* / (<,») I (^*(fc,s) ^ ^*(7,s))- 

Proof. One direction is clear. If [4>%)i {k s) v (k «>’ s satisfy the hypothesis, then ip U 
defines a continuous map from <9(A 9 x [0,1])—Int(A 9 x 1) to M. Hence, 
we can construct ip s by using of the sunny extension. □ 

Lemma 5.3. Let M be an orbifold and ip : A 9 = [xo ■ ■ -x q ] —> M a q-dimensional 
singular simplex. Let (p s k : [xq ■ ■ ■ Xk ■ ■ ■ x q ] —> M, k = 0,1,..., q, be homotopies 
with <p k = ip\[xo ■ ■ ■ Xk • ■ • x q ). Then there exists a homotopy ip s : [xo ■ ■ ■ x q \ —> 
M such that ip s | [xo ■ ■ ■ Xk • • • x q ] = <p k if and only if <p k \ \xq • • • Xk • • • xi • • • x q ] = 
<P\\\xo ■ • • Xk • • • xi • • • x q ] and there exist points x s ki £ [xo ■ ■ ■ x k • • • xi ■ ■ • x q ] such that 
I <i>t\(Xkt)) G l M l M for Vs, Vfc,W = 0,1,2, ...,q, k < t. 

Proof. One direction is clear. Since A 9 and [0,1] are compact, there exists a finite 
open covering P 0 ,..., Pn of [0,1] such that for each n £ {0,1,..., N}, there exists a 
system of local charts {t/j (fc n) }j (fc s)e / (fc n) of [x 0 ■ ■ ■ x k ■ ■ ■ x q ] such that \(p s k \{U i(k rl) ), 
s £ P n , is included in a local chart of M. Let {V^ k n) ; be local 

charts of M such that \<p%\{U i{k a) ) C V V(kn) . Let {^ iv : Ui —> V v } ie i tVeJi and 
: U h«,n) K (fcl „be structure maps of ip 
and (p kl respectively, such that 

^ i '{k’,o)''(4 i k)i(k,o) i '(,k,o) l(b^(fc, 0 ) bi Ui) = ^ U{k0)I/ ipw\{Ui (k0) nUi), 
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k = 0,..., q. From the hypothesis, there exists an element g V(k 10) of the local group 
of K (fc , 0 ) H V V{e o) , such that 


(rh s \- 

A "0,o)"0,o) \ t rkh(k,s) l '(k,s) 


\( U Hk,o) ^ Ui lm 


5"O0,0) Al'(fc i0 )"0,0) (*/v) 


*(<,»)"(/,») I (^*(fc,o) ^ ^*o, o)h 


for Vs € P 0 , Vfc < W. If x?,, G C/j (fc 0) n J7 i(<i0) , then 


0) v»v ^ vt. xi 

(-Isx. /A) 


), 

, S ) ip^kt) 1 


A"o, o)"o,o) ( < / > fc)*o,«)"0,») i x ki) 5"oo,o) A"o,o)" 0 ,o) {'Vi /*o, s ) "o,< 

s G Po, namely 

A"o,o)"o,o) {&k)i(k,o) "o,o) hi) V"oo, o) A"(k i0 )"o,o) i&k)i(e, o) "o,o) ip^kt)‘ 

Let Uj be a local chart of A 9 such that t/j (~l t/ i(fc 0) n U i(e 0) 9 x° r Then 


A"o’ 0 )"o,o)"(^fc)*o,o)"o,o) ( x m) — A: 


"O,o)"0,o) 

- 


v‘4 > ii'{ x ki) 


"O >o) "o,o)" )*(£,o) "o,o) ) ■ 


Hence 


\ " 0 , 0 ) /\"(*, 0 ) \ —1 \" ,7. lAO \ 

A "O,0)"O,0) l A "(k,0)"O,0)"/ A "o.o) "0.0) " x»" ^ x ki) 


"O,o)"0,o)" v 

_ \" 0 , 0 ) / \"O, 0 ) \—1 \i/ 

i/"OO, 0 ) A "o,o)" 0 ,o) V A "o,o)" 0 ,o)"/ A 


"O, o)"o,o)" 


4>iA x ke)- 


From (iv) of the definition of orbifold, 

\ " 0 , 0 ) 1 \ " 0 , 0 ) 

/X *'(fc,0) I/ (£,0) V /Vl/ (fe,0) l/ (£,0) I/ > 


= A 


" 0 ,o) 


"(fc,o)"o,o)" 
" 0 , 0 ) 


4>iA x ke) 


e,o) (A 




■^iA x le)- 


Furthermore, since |^|(x^) G |M| — EM, 


\"O, 0 ) /\" 0 , 0 ) \ 1 \ 

A "O,0)"0,0) k A "O,0)"0,0)"/ A "(k,0) "0,0) 


"(fc,0) 


\-l \" 


v^iiv{ x ki) 


is a non-singular point. Hence, g v ^ k e 0) = e. 

Suppose x°^ ^ H,( fc , 0 ) fl ?7» (<i0) . By using the path in [xo • • • Xfc • • • x^ • • • x g ] from 
to Hj (fe 0) fl C/j (< 0) , we can construct local charts [/,' o , f/f o and structure 


"O,o) of ( 0 fc)'> 


maps {4 > k)i(k,s)V(k,s) ■ ^O.o) ~^ ^"(fc,0)> (^)*o,S)"0,•) ■ ^*0,0) ^ 

(</>!)', respectively, such that C/' (fc 0) D H i(fc 0) , I/^_ 0) D U i(e o) , (<^)' (fcs)V{k , s) I^ 0 , 0 ) = 

(^fc)io,.)"o,.)» (^?)io.. ) "o..)l C, ’ < (*.o) = (^!)*o,<o"o,«’ and x ki € t// (fc , 0) nC/' ( ^ o) . Then,we 


have 


(a: 


l/(fc ' 0) )'(&)< 


"(fc,o)" 0 ,o) > Wk)i(k,s) v (k,sy 

— (A"o’,0) "(f,o )) , (^l)i 


* 0 , 0 ) ^ ^* 0 , 0 )) 


" 0 ,o)" 0 ,oV l(^i( fc ,o) ^ ^X(^, 0 ) ^ 


By restricting {4>kYi (klB) v (k , e) and (0f)io,.)"o,.) to ^(*. 0 ) nC/ io,o) and usin S ( iv ) of the 
definition of orbifold, we have 


\"o,°) Asy 

A "(fc, 0 ) " 0 , 0 ) tr7c/*0,s)"0,s) 


I (^O,o) 


^ ^* 0 , 0 )) 


A"o,o)"o,o) (^)*o,»)"o,«) 


K^o,0) 


nt/, 


O,o)' 
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Similarly, 




(4>\ 


k) i (.k,s) I '(k,s ) 


1 (^, 1 ) ^ l)) 




(fc,i) 


nt/i 


(*> 1 V 


s G Pi, is proved by the fact that 




I(*m) 


£ G Po Cl Pi- Inductively, s G P2,..., Pa, we have 

(4 > k)i(k,a) v (k,a )^ ^(£,m) ) 

to = 2,3,..., IV, for Vs. Then, by Lemma |5.2|, we have the conclusion. 


□ 


Lemma 5.4. For anj/ singular simplex cp : A 9 —> M, t/iere exists a homotopy 
ip s : A —> M such that ip° = ip, ip s |A^°) = A^ 0 -*, and ip 1 is tame. Furthermore, if 

ip\dA q is transverse with respect to EM, then ip s |<9A 9 = ip\dA q . 

Proof. We can construct ip s by using of a PL-approximation of ip. □ 

Let Af . , be the fc-dimensional face of A q defined by 

(5.1) A q io ... ik) = {(x 0 ,..., x q ) G A 9 I x io + ■ ■ ■ + x ik = 1} 

andlete?. . • A k —► Af . , be the linear homeomorphism define by ef. . ,( 1 ,) := 

(*0 —Ik) {to ■■■Ik) ^ ‘ {lO---tk) K ■> ’ 

X ir 

Definition 5.5. By a t-modification of a (/-dimensional singular chain c = X)j=i 71 j ^ 
of an orbifolcl M we shall mean a t-singular chain c T = X)j=i n j(f&^) T such that 
there exist homotopies UP,..., \lP (s G [0,1]) that satisfy the following: 

(i) V{ = (W) T for VJ = 1 , 2 ,..., t. 

(ii) If 

for some i, j, then it holds that 

(5.3) (^ s |A^ 0 ... 4) ) °e\ i0 ... ik) = (n\& q Uo ... Jk) )°e q Uo ... jkV for Vs G [0,1]. 

We call (c T ) s = ^nj^i (s G [0,1]) a t-homotopy of c. 


Remark 5.6. By (ii) of Definition [5.5| a t-modification of a singular chain has to 
preserve the face conditions. The following singular chain (simplex) T has no t- 
modifications, see Figure 5.1. Note that neither of the singular chains (simplices) 
Ti and 'S >2 illustrated by Figures 5.2 and 5.3 is not a t-modification of \H. 


Definition 5.7. A g-dimensional singular simplex T = (|*P|, {Ty}) of M is pre- 
transverse if the underlying map I'Ll of U/ maps all the vertices of A 9 into \M\ — EM. 
A g-dimensional singular chain c = TOiT* of M is pre-transverse if each singular 
simplex dr* is pre-transverse. 

Note that every t-singular chain is pre-transverse. 
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Figure 5.1. ^ = (|tf|,vfr) : A 2 -> D 2 ( 3), i>(A) = a\^(B) = 
V, * (C) = d, p) = a, |(B) = 6, |(C) = c 



Figure 5.2. 'Ll : A 2 —> £> 2 (3) 

Lemma 5.8. Let M be an orbifold and let c = y ^ —1 be a q-dimensional 

singular chain of M. Let c' be a sum of faces of c all of which are already transverse 
with respect to EM. If c is pre-transverse, then there exists a t-homotopy c s of c 
fixing c'. 

Proof. To construct a t-homotopy c s = n^tpf of c we will define 

( 5 - 4 ) : A (<o-n) h = 1 , 2 , ■ ■ • , i, 0 < i 0 < ■ ■ ■ < i k < q 

inductively on k such that 
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Figure 5.3. : A 2 —> D 2 (3) 


w = A U-i k y 

(2) (y>( io ...j fe ))i is transverse with respect to EM. 

(3) (tf io ... ik) )s’s satisfy the face condition of l P(i 0 ...i k )’ s ■ 

W (tfio-ik^^lio-la-ik) = io-ia-ik )^' 

(5) If^|A^ io ... ifc) is transverse with respect to EM, then (^ io ... ifc ))s = ^\^\i 0 -i k ) 

If k = 0, put := ip^lA? io y It is transverse with respect to EM, since c is 

pre-transverse. 

Suppose that we have done for the (k — l)-skelton. We order {(/x, i 0 ,..., i k )} 
lexicographically and will construct s’s, A 4 = 1 , 2 , 0 < io < ■■■ < 

4 < q, in that order as follows: 

1) If (p 1 *is transverse with respect to EM, then we define as 

:= ^ M | A do-i fc )' 


2) If is not transverse with respect to EM and for some (i/, jo, ■ ■ ■ ,jk) 

(AG* 0 ,. • •,4), (^l A (, 0 ..y fc) ) o 4 o ... jfc) = (^|A« o ... 4) ) O4 o ... ife) , then we define as 

(%>••■**))* ~' ^O'o-Jfc)) s ° £ {jo -3k) ° 

3) Suppose is not transverse with repsect to EM and there exists 

no (v,j 0 ,...,j k ) < such that A (j 0 ..-j k ) ) oer c# 0 • • -Jfc) = ^l A (io-4))° 

£< {io---ik)' ^ the inductive assumption , ^) s , « — 0,1, 2 , ..., k, are already 

defined. Then, by Lemma L3 there exists a homotopy ( < / , (i 0 ...i fc ))s : A (i 0 ...j: fc ) ~* M 
such that (</A . ,) S |A?. , . . = (tp 1 ?. . ,) s and (<£f. . ,)o = <a> m |A?. . >. 

Since ( < / > ( 1 ,; 0 ...i fc ))s i s derived from the sunny extension, ((^A...i fe ))i i s not transverse 
with respect to EM. Then for a dimension fco and for a component Sfc 0 G E( fc °iM, 
there exist a component Po of (<A(*j 0 ...j fc ))i (®fco)i an open neighbourhood Uq C 
A bo -*fc) P ° and a homotopy : A^ o ^ —> M which satisfy the following: 
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(1) $J°(x) = (<t>( io ... ik) ) i(z) for Vx € a q (i0 '". h) - P 0 , V s £ [0,1], 

(2) $o°(x) = i^ io ... ik) )i(x) for Vx £ A \ io ... ik) - 

(3) |^°|(x) G U z6( ^ )l(Po) N z for Vx G P 0 , V s G [0,1], 

(4) |$i°|(Po) n s ko =0. " 

We may assume that ko is the minimum one satisfying the above. By the minimality 
°f k 0 , (^ 0 .., fe) )i(A) C s ko , that is, {^ io ... ik) )i(Po) n ( s ko - s ko ) = 0. Thus 

(5.5) iV 2 n(£ (fco) AfU---U£ (0) Af) C s ko for Vz G (<^ 0 ... ife) )i(A)- 
By (|J) and (4), 

(5.6) 1^*1°l(^o) C \M\ - (£ (W MU-U£ (0) M). 

If is transverse with respect to £M, we define (¥ , o 0 ...i fc ))s as the product 
of ( < / , fi 0 ...i fe ))s and If not, for an index fci and for a component sj^ G E^^M 
there exist a component Pi of (4 ) J 0 ) _1 (s^ i ), an open neighbourhood Pi C ^ 

of Pi, and a homotopy —> M which satisfy the following: 

(!’) ^(*) = ^(*) for Vx G A« io ... ife) — Pi, V s G [0,1], 

(2’) ^J'f^^WforV^A’.....). 

(3’) |$M(x) C U 2g$ fc 0(Pi) IV z for Vx £ Pi, V s £ [0,1]. 

(4’) |$M(Pi)n4 =0. 

We may assume that k\ is the minimum one satisfying the above. 

a) If k\ = ko and s' k = s ko , the argument can be reduced to the case b) or c) 
since the number of the components of (<Ao 0 ...j fc ))i (®fco) i s finite. 

b) If ki = ko and s' ki ^ s ko , the argument can be reduced to the case c) since 
the number of the components of (0o o ... ifc ))i(A( io ... ifc )) H E^ k °^M is finite. 

c) If ki / ko, then k\ > ko- Since |3>i°|(Pi) C s' ki , it holds that 

(5.7) Af z n(£ ( %U-U£ (0) M) C s' kl for Vz G $f°(Pi). 

By ( |5 . 7| ) and (4’), it holds that 

(5.8) l^ 1 1(Pi) c \M\ - (£ (fcl) M U • • • U £ (0) M). 

k 

If we repeat this process in finte times, then, for some q , is transverse with 
respect to EM. We define (< P(i 0 -~i k ))s as ff ie product of (^(j 0 ...i t ))s,^s°,---,^s' ! - 
Thus we have the desired homotopy. □ 


Lemma 5.9. Let c be a singular chain of an orbifold M. Suppose that dc is trans¬ 
verse with respect to EM. If c s is a t-homotopy of c fixing dc, then for any s G [0,1] 
it holds that dc s = dc. In particular, if c is a cycle, then so is c s . 
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Proof. Put c = ]T )- =1 Tiiip 1 . Its boundary is as follows: 

i 

(5.9) dc = ^ riidkp 1 


= J2J2(-iyn i <p l oe j 

i=l j=0 

= Y N (a 1 b)P a ° £ b 

( a,b)eD 

where each N( a>b \ is an integer, and 

(5.10) D = {(a,b)€{ 1 ,2,...,£} x {0,1,2,..., n} \ N {a>b) / 0}. 

Let c s = JO i= i riitpl be a t-homotopy of c. Since c s fixes dc, 

(5.11) o e b = ip a o E b 


for any (a, b) G D. By (ii) of Definition |5.5|, (5.11), and (5.9) 

£ n 

(5.12) dc s = oEj 

i—i j —0 

= Y ^(0,6)^“ ° £ b 

(a,b)£D 

= Y N (a;b) <p a O Eb 
(a,b)ED 

= dc. 


□ 


Note that if c s does not satisfy the face condition, then its boundary can be 
different from the above, that is, 

dc s = Y N (a,b)Ps °E b + B s 
( a,b)eD 

where B s € C q -\{M). 


Definition 5.10. Let M and N be orbifolds, / : M —► N a b-continuous map, 
and c = YY rijifP a g-dimensional pre-transversal singular chain of M. A pre- 
t-modification of a singular chain / o c = Y^=i n j(f 0 Y) with respect to c is a 
pre-transversal singular chain d = Y!'j=\ n j 'of N such that there exist homotopies 
..., (s £ [ 0 , 1 ]) which satisfy the following: 

(i) ^0 = f ^1 = & for V? = 1,2, 

(ii) If for ip 1 and Y there exist embeddings e? o ... i? _ fe _ i and £< j 0 ...j q _ k _ 1 such that 


(5.13) P l ° e i 0 . 

then it holds that 


= ifP O £ q 


30‘“3q-k-l ’ 


(5.14) o e’ . =^{os q i • for V s G [0, ll. 

V ' 8 S 30‘“3q-k-l L ’ J 

We call d s = Y n j'^s ( s 6 [0; 1]) a pre-t-homotopy of / o c with respect to c. We 
denote d by the symbol (/ o c)( c,p \ 
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Note that the example of Figure 5.1 has no pre-t-modihcations. 

Lemma 5.11. Let M and N be orbifolds, / : M —> N a b-continuous map, and 
c = X^ 1= i n n i P lx a < b~ dimensional pre-transversal singidar chain of M. Let d be a 
sum of faces of c such that foe 1 are already pre-transverse. Then there exists a 
pre-t-homotopy of f o c with respect to c fixing foe'. 

Proof. We can take atlases {{U^} ieI ,{V v -> V v } : u i ~* 
and ({V v -»• V V } V £j,{W p -*• W P } P ^ K , {f VP ■ V v -> Wp} ve j iPeKv ) of <^’s and /, 
repectively. Thus {{U S } S€I , {W p -> W p } peK ,{Up ° {^)iv : U S W p }z eI , peKp( ) 
is an atlas of / o where = {p G K \ \f o C W p }. 

To construct a pre-t-homotopy T s = n u^s of / o c we will define 

( 5 - 15 ) (*6o-n))» : A ( i0 - 4 ) - M, „ = 1,2 ,..., i, 0 < to < • • • < i k < q 

inductively on k such that 
(1) 




— {Up ° ( ( ^ A1 )?»?)l(^?(t 0 . 


(2) 


i is pre-transverse, 


(3) 


S ’s satisfy the face condition of (</A |Al t . 

(4) 




((^0- 

•«fc)^ S ^( i 0"'*fe> s )^( i 0"- i fc> s ) 1 (^0- 

ifc.*) n A (*0 -*a" 


= 

(^0 • • -*a • • - ifc ) ^ S ^(*0 • • * *o * • - ifc ) P (*0 



(5) If(/o^)| A « o .. ^ is pre-transverse, then 

an d ^(i 0 -ifc,.) = ^«o-ifc,0)> 

where 

({^£(i 0 ■ ■■**,. s ) ip(*o ''' i k ’ s ) > s ) 5 

'*fe . s )^(»0 '*fe. s ) 

^»(*0 "'*&>») " ^^(*0 "*&>«) ^(» 0 " * fc > s J ®^(*0 '* fc > a )>^(*0 "•**.*) ^^(» 0 -' ^ 

is an atlas of 

We order {(^,i 0 )} lexicographically and will construct (T^ o ) s ’s, /.< = 1,2,... 

0 < *o < q, in that order as follows: 

Let U^, V v , and W p be local charts of A 9 , M, and A, respectively such that 
Xi 0 G Cl c , l^l(^) C V v , and \f\(V v ) C W p . 

1) If |/ o cpP\(xi 0 ) fL EM, then we define as 

(*£).(**,) ; = {fr,P 0 m^)M. 

2) If |/ o ^|(xj 0 ) G EM, and there exists no (aJ o) < (/Mo) such that 
^OAo) = V*(Xio)- 
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Let G p be the local group of W p . Since dim Sing (G p ) <dim W p — 1, there exists 
a path in W p from (/^ o ((p^r,)(xi 0 ) to W p -Sing (G p ). We define (§f o ) s (:r io ) by 
that path. 

3) If |/ o <pi* |(a:j 0 ) e EM, and for some (i/, j 0 ) < (yu,« 0 ), <P l '(xj 0 ) = ^{x io ). 

Let be a local chart of A 9 such that \gf\{U^) C K, and let G v be the local 
chart of V v . Since ip v {xj 0 ) = (p^(xi 0 ), there exists an element a £ G v such that 
a(if v )^ v (xj 0 ) = (g> IJ ’)^ v (xi 0 ). From Lemma 3.13(h), / induce a homomorphism 
/* : G v —> G p . We define 

Suppose that we have done for the (k — l)-skeleton. Then, by Lemma |5.2| and 
the inductive hypothesis (4), we have ((’F^»)P(i 0 -i fc a > as ^ be sunny 
extension of ((^ 0 ...j a ... ifc) ) S )% 0 ... 5o ... ifc) P (io ... 5o ... ife) ’s and (, f vp o (^*)f,)’s. □ 

Note that there exist a b-continuous map / and a pre-transversal chain c such 
that foe has no pre-t-modifiations with respect to “/ o c”. See Figure 5.4. 



Figure 5.4. c = 0 = (|0|, 0) : A 2 —> D 2 , / = (|/|, /) : 44 2 - Z? 2 (3) 




Lemma 5.12. Let M and N be orbifolds, f : M N a b-continuous map, and c 
a pre-transversal singular chain of M. Suppose that f o dc is pre-transverse. If d s 
is a pre-t-homotopy of f o c with respect to c fixing f o dc, then for any s £ [ 0 , 1 ] it 
holds that dd s = f o dc. In particular, if c is a cycle, then so is d s . 

Proof. Similarly to Lemma |5.9|. □ 
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Theorem 5.13. Let M, N be orbifolds and let f : M —> N be a b-continuous 
map. Then an induced homomorphism /* : t-H q (M) —> t-H q (N) can be defined by 


Proof. Take any c G t-Z q (M). By Lemma 5.11 there exists a pre-t-modification 
(/°c) (o ’ p) oi foe with respect to c, and by Lemm a |5.8| there exists a t-modiheation 
((/ ° C)( c ' p )) p of (/ o c)(‘. p ). By Lemmas 5.9 and 5.1 2| ((/ o cY' P ^) T is a cycle. 

First take another pre-t-modification (/ o cY’ P of / o c with respect to c, and 
any t-modification ((/ o cY’ P )) T of (/ o cY' P \ We will show that the two t- 
modifications are t-homologue. Put / o c = Uiip 1 and denote the product of 
pre-t-homotopy and t-homotopy from foe to ((/oc)^) T (resp. ((/°c)( c,p )) T ) 
by l (resp. ^.. =1 n Yl)- Define a continuous map : A 9 x [—1,1] —> IV 
by 


(5.16) 

Let Ql : A 9+1 

(5.17) 


& l (x, s) := 


0U®) (0 < S < 1), 

Y- S ( x ) (-1 < s < 0). 
A 9 x [0,1] be a linear embedding defined by 


Ql(vi) := 


(vu 0 ) 

(v*_i, 1 ) 


(0 < i < k ), 

(fc + 1 < i < q 


1) 


where Vo,Vi,... ,v m are the vertices of A m . By taking the composition of each 
and the sum of Q q k we construct a (q + l)-dimensional singular chain d of N as 


(5.18) 

Note that 

(5.19) 


d:=5>i ^o^-l)^ 


i= 1 


k =0 


dd=((foc)^ P Y^((foc)^ p 'Y'. 


Since <9d is pre-transverse, so is d. By Lemma [ta] there exists a t-modification d T 
of d fixing dd. By Lemma |5.9| and ( [5.19| ) 

(5.20) 


d(d T ) =dd= ((/ o c)( c ’ P >) T - ((/ o cY P 'Y- 


Next take another t-singular cycle c' such that [c] = [c'\ in t-H q (M). Then there 


exists a t-singular chain d' 6 t-C q +i(M) such that c — d = dd'. By Lemma 5.11 


there exists a pre-t-modification (/ o d'Y ’ P -* of / o d! with respect to d! , and by 
Lemma 5.8 there exists a t-modification ((/ o d'Y ’ P )) T of (/ o d'Y ,P -*■ Then 

(5.21) £>(((/ o d') (d '’ P) ) T ) = (d((f o d'Y’ P) Y 

= ((fo(dd')Y d '’ p Y 
= ((f°c-foc'Y- c, ’ p Y 
= ((focY p Y-((foc'Y’ p Y- 

Thus /* is well-defined. 

To show that /* is a homomorphism we take any two elements [a], [ 6 ] of t-H q (M). 
Let (/ o aY’ P i) (resp. (/ o 6 )(b p 2 )) be a pre-t-modification of / o a (resp. fob), 
and let ((/ o aY’ Pl ^) Tl (resp. ((/ o bY'^Y) be a t-modification of (/ o a)D> p i) 
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(resp. (/ o b)^ b,p ^). Since ((/ o a)( a ’ Pl ^) Tl + ((/ o 5 )( b ’ p 2 ))T 2 is a t-modification of a 
pre-t-modification of / o (a + 6 ), 

(5.22) [((/ o (a + &)) (a+b ’ P) ) T ] = [((/ o a )(°> Pl )) Tl + ((/ 0 b^Y 2 ] 

= [((/oa)(- Pl )) Pl ] + [((/o6)^)) P2 ]. 

□ 


Proposition 5.14. Lei M, N and L be orbifolds, and let f : M —► N, g : N —> L 
be b-continuous maps such that g o f is also a b-continuous map. Then (g o /)* = 

g* ° /*• 


Proof. Take any c G t-Z q (M). By Lemmas 5j3 and 5.11 there exist products of (pre- 
)t-homotopies d\ fromgo/octo ((s 0 /°c)* c,Pl *) Tl , cfe from foe to ((/°c)( c,P2 )) T2 , 
and ds from g o {((/ o c )( c > p 2 ))Y 2 j to {(g o {((/ o c )( c > p 2 ))Y 2 |^((/oc) (t: ’ P 2 ) ) T 2 ,P 3 ) 
Then 

(5.23) d(—di + g o rf 2 + efe) 

= ((50/0 c)^>fi - ((<, O ((/ O c) (c,fl.) ) T a) ((/oc)(^))^,fl,) ) T, > 


We can make a pre-transversal singular chain d G C 9 +i(L) from — d\ + g o e ?2 + ^3 
such that = ((g 0/0 c)^ c,Pl ^) Tl — ((<7 o ((/ o c)( C ’ P 2 ))-^)C(/ oc ) <;c ’ J= 2 > ) cr 2 ^ 3 ))Y 3 _ gy 


Lemma 5.8 there exists a t-modification d T of d. Then by Lemma 5.9 


(5.24) 

d(d T ) = dd=((gofo c)( c > Pl )) Tl - {{g o ((/ o C )^))T^U oc) p ' P 2 >) T 2 ,P 3 ) ) t 3 . 


□ 


Theorem 5.15. Lei M, N be orbifolds and let f,g : M N be b-continuous 
maps. If f and g are homotopic (and automatically they are b-homotopic), then 
f* = g*. 


Proof. Take any c G t-Z q (M). By Lemmas |5^ and 5.11 there exist products of 
(pre-)t-liomotopies d\ from / o c to ((/ o c)^ c ’ Pl - ) ) Tl , from g o c to (( go c)^ c ’ P2 -*) T2 . 
Since foe and g o c are homotopic, there exists a prizm from / o c to g o c. 
Then we can make a pre-transversal singular chain d G C q +i(N) such that dd = 
((/ 0 c)( c ’ Pl >) Tl — ((<? 0 c^f 2 . By Lemma 5.8 there exists a t-modification d T 
of d. Then by Lemma [~>.9| 

(5.25) d{d T ) =dd= ((/ o c) (c ’ Pl) ) Tl - ((g o c) (c>P2) ) T2 . 


□ 


Theorem 5.16. Let M and N be orbifolds. If they are b-homotopy equivalent, 
then their t-singular homology groups t-H q (M) and t-H q (N) are isomorphic. 


Proof. Since M and N are b-homotopy equivalent, there exist b-continuous maps 
/ : M —> N, g : N —> M such that go f, fog are b -cont inuous and go f (re sp. fog) 
is homotopic to idM (resp. idw). By Proposition 5.14 and Theorem 5.15 g* o /* = 
(g ° /)* = (' id M )* = id t - Hq (M ) and /*oj, = (/o 3)* = (id N )* = id t - Hq ( N y □ 
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6. Homotopy GROUPS and Hurewicz HOMOMORPHISMS 


The g-th homotopy group n q (M) of an orbifold M was defined in [F-£] as the 
(q — l)-th homotopy group of the (orbifold) loop space of M. In this section we 
regard the g-th homotopy group of M as the group of homotopy classes of g- 
dimensional singular spheres with base point xq by using of b-continuous maps, see 
Section 3 for the definitions of homotopy and b-continuous map. Then we define 
the Hurewicz homomorphism from the g-th homotopy group n q (M,Xo) to the t- 
singular homology group t-H q (M), which we defined in Section 4. To define the 
Hurewicz homomorphism we use some results in Section 5. 


Definition 6.1. A g-dimensional singular sphere of an orbifold M with base point 
Xq £ |M[ — EM is a b-continuous map a = (|o|, {a^}) : [0, l ] 9 —► M such that for 
any t £ 3([0, l] 9 ), \a\(t) = xq. A 1-dimensional singular sphere coincides with a 
loop defined in Definition |3.9[ The product a ■ b of g-dimensional singular spheres 
a, b : [0, l] 9 —► M with base point xq £ |M| — EM is defined by 


(6.1) a-b{ti,...,t q ) 


a(h,. 

• • 5 tq— 1 5 2tqr) 

VI 

O’ 

■+o 

VI 

o 

b(ti,. . 

.,t q - u 2t q - 1) 

VI 

O’ 

•40 

VI 


Definition 6.2. Let M be an orbifold and let x$ be a point of |M| — EM. The 
g-dimensional homotopy group 7 r q (M, xo) of M with base point Xo is the group of 
homotopy classes, relative to 9[0,1] 9 , of g-dimensional singular spheres in M with 
base point Xo, where the product of [a] and [6] is defined by 

(6.2) [a)[b] := [a ■ b]. 

If g > 2, 7 T q (M,Xo) is commutative by the definition of products. 


Definition 6.3. Let ip : [0, l] 9 —> M be a g-dimensional singular sphere of an 
orbifold M with base point xq. Let S 9 be the standard (t-)singular cycle which 
represents a generator of ( t-)H q (S q ). Then we define the Hurewicz homomorphism 
: 7r q (M,Xo) —*► t-H q {M) by [ip\ e-> <^*[S 9 ] where is defined in Theorem 5.13. 


Theorem 6.4. (i) The above map Sj q is a well-defined homomorphism. 

(ii) Ifn= 1 and M is arcwise connected, then the homomorphism Sj i is surjective 
and its kernel is the commutator subgroup of 7Ti(M, Xq). 


Proof, (i) By Theorems [5.13 and |5.15 fy q is well-defined. To show that (ip • 
V0*[6 9 ] = ip*[& q ) + V>*[S 9 ] we use the argument parallel to that in the proof of 
usual Hurewicz homomorphism. Hence Sj q is a homomorphism. 

(ii) It is clear that S )i is surjective and that Ker D {ki(M,xo),ki(M,xo)]. 
To show Ker C [ni(M,xo),ni(M,xo)], take any [tp] £ 7Ti(M, xq) such that 
[((y> o S 1 )!® > p )jYj _ q in t-Hi(M). By takeing another representative of [< p\ if 
necessarily, we may assume that ip o & 1 is already transverse with respect to EM. 
Hence, similarly as in the proof of the usual Hurewicz theorem, we conclude that 
[ip] £ [ni(M,xo),ni(M,xo)\. □ 


7. Exact sequences 

Let Xo,... ,x/c be the vertices of A k and let yo,...,yk be points in A" which 
is not necessarily linearly independent. Define a linear map from A fc into A n by 
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E*=o a i x i l-i ' Ei=o a iVi an d denote it by e[y 0 ■ ■ ■ y k \- If the points yo,.-.,Vk are in 
a general position, this map is an embedding. 

Definition 7.1. Let di : A 9 —> M, 4> : A p —> M be singular simplices of an orbifold 
M and let a be a point of Int A p . We define the refinement Sd A, a )(d/) of 'L with 
respect to (</>, a) as follows: 

(i) If (j> is the (t 0 • • • i p )-face of d*, then 

p 

(7.1) S'd( 0 >o) (d') := ^(-l) Ife+ 4 rd' o e[x 0 ■■■x ik ---x ip a x ip+ i ■ --x q ] 

k= o 

where Xi k means deleting Xi k and a' := e[xi 0 ■ ■ ](a). 

(ii) If <j> is not a face of 11/, then = d/. 

By extending the above definition to C q (M) linearly we define a refinement operator 
Sd^a) : C q (M) —► C q (M) with respect to (<t>,a). 

Definition 7.2. Let d 1 : A 9 —> M, 4> : A p —> M be singular simplices of an orbifold 
M and let a be a point of Int A p . We define the prism PL 0 )(H/) of d> with respect 
to Sdtfaa'j as follows: 

(i) If (j> is the (to * * * t p )-face of d', then, for 0 < j < to, 

(7.2) 

P 

• P (0,a)(^) : = ^(-l) lfe_Nj, d' O e[x 0 • ■■XjXj ■■■x io ---x ik ---x ip a' x ip+ i ■■■x q \ 
k =0 

where Xi k means deleting Xi k and a' := e[xi 0 • • • Xi p \(a), and for io + l < j < n, 

(7.3) := * ° e[x 0 ■ ■ ■ XjXj ■ ■ ■ x q ]. 

(ii) If cj) is not a face of d/, then 

(7.4) P l<t>,a)^) ■=^°e[x 0 ---x j x j ---x q \. 

Furthermore, we define 

(7-5) W*):=£(- l) j+lp ! M m 

j=o 

By extending the above definition to C q (M) linearly we define a prizm operator 
P(<l>,a) ■ C q (M ) -> C q+ i(M) with respect to Sd^ t0 ). 

By a calculation we see the following lemma. 

Lemma 7.3. Let d> : A 9 —> M, <j> : A p —> M he singidar simplices of an orbifold 
M and let a he a point of Int A p . Then the following holds: 

(i) 

dSd iM (*) = Sd iM (d*). 

(ii) 

dP i4 ,,a)W = * - Sd iM ( d>) - P {M (d d>). 

Thus for a singidar cycle c of M, Sd^^fic) and c are homologue. 
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Let Mi and M 2 be orbifolds. Note that inclusion maps of orbifolds induce 
homomorphisms of t-singular chain complices by Remark 4.8. Hence, the general 
homology theory gives us an exact sequence: 


• • • -> t-H q (Mi n M 2 ) —^ t-H q (Mi) 0 t-H q (M 2 ) 

( 7 - 6 ) , 

— H q (, t-C q (Mi) + t-C q (M 2 )) — 

where i(c) = (c, —c), j(a,b) = a + b, fc*[z] = [i~ 1 dj~ l (z)\. Furthermore, by using 
Lemma 7.3, it is proved that if Mi and M 2 are suborbifolds of an orbifold M 
and IntM(Mi) U IntM(M 2 ) = M, then the natural inclusion map t-C q {M\) + t- 
C q (M 2 ) C t-C q (Mi U M 2 ) induces an isomorphism H q (t-C q (M{) + t-C q (M 2 )) = t- 
H q {M). Then we have the Mayer-Vietoris exact sequence: 

Theorem 7.4. Let M\ and M 2 be suborbifolds of an orbifold M and Intjw(Mi) U 
IntM(M 2 ) = M. Then the following sequence is exact: 

■ • • -► t-H q {M 1 n M 2 ) —^ t-J?,(Mi) © t-Hq(M 2 ) 

- - > t-Hq(M) - fc * - > t-Hq_\{M\ n M 2 ) - >•••■ 

where i*([c]) = ((ii)*[c], ~(* 2 )*[c]), j*([o],[ 6 ]) = (ji)*[a] + (J 2 )*[£»], and V : Mi fl 
M 2 C M„, jf,, : M m C M are inclusions. 


8 . Kunneth’s Formula 

Let M, TV be orbifolds and let pi : M x N —> M, p 2 : M x JV —* JV be 
the natural projections (see p. 157] for the product of orbifolds). Observe 

that for any c £ t-C k (M x AT), pi o c £ t-Ck(M) and p 2 o c £ t-Ck(N). Hence 
we can define a map p*, : t-C k {M x iV) —> ©£_ 0 {(t-Cj(M)) 0 (t-Cfc_j(iV))} by 
Pfc(c) = X)i=o(Pi 0 C 0 £ »+i-fc) © (p 2 oco£ 0 ..., ; _i), where e 0 ,-i = id and £ fe+1 ,fc = id. 
It is proved that pk is a chain homotopy equivalent map by the similar manner as in 
the usual homology theory. Furthermore, for Z-coefhcients general chain complices 
C, D , it holds that if C and H„(C) is free, then H*(C) 0 H*(D) = H*(C ® D). 
Then we obtain the Kunneth’s formula: 

Theorem 8.1. Let M and N be orbifolds. If either t-H^(M) or t-H*(N) is free, 
then 

(8.1) t-H k (M x N) = ©to (t-Hi(M) © t-H k _ x {N)) 

for any k > 0. 


9. Examples 

In this section let us calculate the t-singular homology groups with Z-coefHcients 
of several orbifolds using b-homotopy deformation, exact sequences, and Kunneth’s 
formula. Note that a discal 2-orbifold D 2 (n) with index > 2 is not b-homotopy 
equivalent to a point, see Example 3.7. 
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9.1. A lemma for calculations : a discal 2-orbifold case. 


Lemma 9.1. For a discal 2-orbifold D 2 (n), and the product of D 2 (n) and the torus 
T k ~ 2 the following holds: 


(9.1) 


i-ff 2 (B 2 (n);Z) =0, 

t-H k (D 2 (n) x T fe " 2 ;Z) = 0 for k > 3. 


Proof. To show t-H2(D 2 (n)]7f) = 0, take any c £ t-Z 2 (D 2 (n);Zj). Let a : A 2 —> 
D 2 (n) be a b-continuous map such that its structure map d : A 2 —> D 2 is a 
homeomorphism. Let y be the singular point of D 2 (n). Denote c = Xa=i ai P l + 
bjipi where |</? Z |(A 2 ) y and |^|(A 2 ) 9 y. Let / : D 2 (n) —> D 2 (n) be a 
b-continuous map which is b-homotopic to idp 2 („), and maps a sufficiently small 
regular neighbourhood U of the cone p oint isomorphically onto D 2 (n), and maps 
D 2 (n) — U onto dD 2 (n). By Theorem 5.1 5| , /* = (idp 2 („))*. Hence, by replacing 
c with foe, we may assume that each A 2 ) C dD 2 {n ) and each if.d = £jO in 
t-C 2 {D 2 (n)] Z) for an integer tj. Since mip 1 € t-C 2 (dD 2 (n); Z), [9^ a^ 1 ] = 0 
in t-Hi(dD 2 (n)\Zi). Hence [9JA bjipi] = 0 in t-Hi(dD 2 (n)\X). On the other hand 
^j] = Yhj bj£j[dcr\. Since [dcr] is a nonzero element of t-Hi(dD 2 {n)\ Z) = Z, 
Yfj bjij = 0. Thus c = JA aiip' 1 . Since t-H 2 {dD 2 (n)-,Z) = 0, there exists a chain 
d £ t-C 3 (dD 2 (n); Z) such that dd = c. Note that d £ t-C 3 (D 2 (n);Z). Therefore 
[c] = 0 in t-H 2 (D 2 (n); Z). 

Let p : D 2 x T k ~ 2 —> D 2 {n) x T k ~ 2 be the natural covering, and let [77] be the 
fundamental class of Hk(D 2 x T k ~ 2 , d(D 2 x T k ~ 2 )\ Z). We can show t-Hk{D 2 (n) x 
T k ~ 2 ; Z) = 0 for k > 3 by the similar argument as in the proof of t-H? (D 2 (n ); Z) = 0 
replacing a by p o 77 . □ 


Corollary 9.2. 

(9.2) 


t-H k (D' 2 (n); Z) = 0 for k > 2. 


Proof. By Theorem 3.1 and Lemma 9.1. 


□ 


9.2. A discal 2-orbifold M := D 2 (n). 


(9.3) 


t-H k {M; Z) S 


for k = 0 , 
for & = 1 , 
for k > 2 . 


Since |M|—EM is connected, t-Ho(M',h) = Z. Take a base point xo £ 

Since tti(M,xo) = Z„, t-H\{M\h) = Z„ by Theorem 6.4. By Corollary 9.2 t- 
H k (M; Z) = 0 for k > 2. By Theorem |5.16 we see that D 2 (n) is not b-homotopy 
equivalent to a point, that is, a connected 0 -dimensional manifold. 

Let B 3 (n) be a cyclical bailie 3-orbifold with index n. Since B 3 (n) is b-homotopy 
equivalent to D 2 (n ), their t-homology groups are isomorphic by Theorem 5.16: 


(9.4) 


t-H k (B 3 (n); Z) “ 


for k = 0 , 
for k = 1, 
for k > 2 . 
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9.3. An orientable 2-orbifold M := F(m\,... 
boundary components. 


(9.5) t-H k {M\Z) = 


Z 

Z ® • • • © Z ©Z mi © • • • © Z m. 

2g+b-l 

o 

z 

0 


m r ) with genus g and b 

if k = 0 , 
if k = 1 , 

if k = 2, dF^ 0 , 
if k = 2, dF = 0, 
if k > 3. 


If k = 0,1, the results are derived from the argument similar to that in Subsection 
9.2. If k > 2, the exact sequence yields the results. 


Remark 9.3. Let pt be the singular point of M with index mi, and let Di be the 
regular neighbourhood of pi. Let ai : A 2 —> Di be a continuous map such that 
its structure map cq : A 2 —> Di is a homeomorphism. Let tro be a chain in 

F - Uf =1 Di such that [cr 0 ] generates H 2 {F - U [ =1 Di,d{F - U [ =1 Di)] Z). If 
9F = 0, we see that a representative chain of the generator of t-H 2 (M] Z) is of the 
form too + ^-01 + ■ • • + ~~fJ r , where t is the least common multiple of mi,..., m r . 

9.4. A lemma for calculations : a bailie 3-orbifold case. 


Lemma 9.4. Let M be a bailie 3-orbifold B 3 (mi, m 2 , m 3 ). 
holds: 


(9.6) 


r t-H 3 (M] Z)=0, 

\ t-H k {M x T fc “ 3 ; Z) = 0 for k > 4. 


Then the following 


Proof. Similar to Lemma 9.1. 


□ 


Corollary 9.5. Let M be a bailie 3-orbifold B 3 (mi,m 2 ,rri 3 ). Then 


(9.7) 


t-Hk{M ;Z) = 0 for fc > 3. 


Proof. By Theorem B.l and Lemma 9.4. 


9.5. A bailie 3-orbifold M := B 3 (mi,m 2 ,ms). 


(9.8) 


Z 


t-H k (M] Z) S 


Z2 © Z2 

Z 2 

Z 3 

z 2 

0 

0 

z 2 

0 


if k = 0 , 

if fc = 1 , (m 1 ,m 2 ,m 3 ) = (2,2, 2n), 
if k = 1 , (mi, m 2 , m3) = (2, 2,2n + 1 ), 
if k = 1, (mi,m 2 ,m 3 ) = (2,3, 3), 
if k = 1, (mi,m 2 ,m 3 ) = (2,3,4), 
if k = 1, (mi,m 2 ,m 3 ) = (2,3, 5), 
if k = 2 , (mi,m 2 ,m 3 ) = ( 2 , 2 , 2 n+ 1 ), 
if k = 2, (mi,m 2 ,m 3 ) ^ (2,2, 2n + 1 ), 
if fc > 3. 


□ 


If k = 0,1, the results are derived from the argument similar to that in Subsection 
9.2. Take any c e t-Z 2 (M]Z). Note that the image of c does not intersect with 
the cone point of M by the transversality of c. Let / be a continuous map from 
M onto M which is b-homotopic to idM- and maps a sufficiently small regular 
neighbourhood of the cone point isomorphically onto M. By Theorem 0 f* = 
( idM )*■ Hence, by replacing c with foe, we may assume that c £ t-C 2 {dM]Z). 
By Remark 9.3 c is equivalent to m(£a 0 + ^cri + + ^ a 3 ) f° r an integer 

m. On the other hand, it is clear that if c £ t-B 2 (M ), then c is equivalent to 
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m'(no<Jo + i + ^-<72 + ^< 73 ), where to' is an integer and no is the index of 
the cone point E^M. If (mi,m 2 ,m 3 ) = (2,2,2n+ 1), no = ^ = 4n + 2. Then 
t-H 2 (M;Z) = 0. If (mi,m 2 ,m 3 ) ^ (2,2,2n+ 1), no = 2£. Then t-H 2 (M\Z) = Z 2 . 
By Corollary 9.5 t-Hk(M; Z) = 0 for k > 3. 


10. SINGULAR HOMOLOGY AND S-SINGULAR HOMOLOGY 


In this section we give a proof of Theorem 10.€, though it is intuitively clear, by 
using of a modification and a refinement of a singular chain. 


Definition 10.1. A g-dimensional s-singular simplex of an orbifold M is a q- 
dimensional singular simplex T : A 9 —> M of M which satisfies the following: 

(a) For each k , there exists a face a of A 9 (possibly, A 9 or 0) such that |^| _ 1 (U*_ 0 E(' 7 ’)M) 
a. 

The following is easily derived from (a): 

(i) For each face r) of A 9 there exists a stratum Q of M (possibly, Q <£_ E) such 
that |T|(Int 77 ) C Q. 

(ii) For each k there exists at most one stratum of fc-dirnension that intersects 
with |^|(A 9 ). 

A (/-dimensional s-singular chain of M is a finite linear combination Yj n j^ J °f 
s-singular simplices 'I' J of M. We denote the free abelian group with basis of 
all g-dimensional s-singular simplices of M by s-C q (M). By the above definition 
of s-singular simplex it holds that d(s-C q (M)) C s-C q -\(M), and s-C*(M) is a 
subchain complex of C*(M). We define the s-singular homology group of M by 
s-Z q (M) / s-B q (M) and denote it by s-H q (M) where 


s-Z q (M) = {c G s-C q (M) | d(c) = 0} 

s-B q (M) ={c£ s-Cq(M) j 3d G s-C q+ i(M) s.t. d(d) = c}. 


For any singular chain c = ^ np$> 1 of an orbifold M we denote the singular chain 
of \M\ by |c| where |’3/ I | is the underlying map of \IT. 


Lemma 10.2. Let M be an orbifold and let v = ]TE miip 1 be a q-dimensional sin¬ 
gular chain of \M\ where each is a singular simplex of \M\ satisfying (a) of 
Definition 10.1. Then there exists an s-singular chain c of M with |c| = v. 


Proof. All we have to do is to construct a continuous map : A 9 —> M such that 
|\]/ l | = ip 1 for each p 1 : A 9 —> \M\. Let {V v —► V v } (resp. {U^ —> U^}) be a system 
of local charts of A 9 (resp. M). Take any Vj G {V v } and any Uk G {U^} with 
V5 l (y?) C Uk- By the assumption we can take a lift (’ i l )jk of <p l \Vj —+ Uk to Uk- 
Put T 1 = (tp l , {('k I )jfe})- Then c = is a desired chain. □ 


Proposition 10.3. Let c be a singular chain of \M\. Let C\ be a sum of faces of 
simplices in c, each of which satisfies (a) of Definition 10.1 . Then there exists a 
modification c' obtaind from c by homotopies and refinements, which satisfies (a) 


of Definition 10.1 and fixes c\. 


Definition 10.4. Let c be a singular chain of an orbifold M. A singular chain c' 
of M is called an s-modification of c if d is obtained from c by homotopies and 
refinements and is an s-singular chain of M. Note that if c and c! are cycles, then 
they are homologue as singular chains of M by Lemma 7.3. 
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Proposition 10.5. Let c be a singular chain of an orbifold M. Let C\ he a sum 
of faces of simplices in c, each of which is an s-simplices. Then there exists an 
s-modification of c fixing c\. 

The following theorem says that the (s-)singular homology of an orbifold does 
not respect the orbifold structure. On the other hand the t-singular homology 
does. See Section 9, where the t-singular homology is illustrated through simple 
but important examples. 


Theorem 10.6. Let M be an orbifold. For each q the following holds: 
(10.2) s-H q (M ) “ H q {M) £* JT,(|M|). 


Proof. We define a map p : H q (M) —► H q (\M\) by /z([c]) := [|c|]. It is well-defined. 
Indeed, if [c] = [d], there exists a (g + l)-dimensional chain d G O q +i(M) such that 
d = c + dd. Then 

(10.3) p([d}) = p([c + dd\) = [\c + dd\] = [|c| + \dd\] = [\c\+d\d\] = [|c|]. 

Also the map p is a homomorphism since 

(10.4) p([ Cl + c 2 \) = [|ci + c 2 |] = [|ci| + |c 2 |] = [|ci|] + [|c 2 |] = /i([ci]) + p([c 2 }). 


To show that p is injective, let p{[c\) = 0. Take an s-modification d of c. Since 
p[c] = p[d} = [|c'|] = 0, there exists a singular chain d G C q+ \{\M\) such that 
\c'\ = dd. By Pr opos ition 10.3 we can take a modifi cation d' of d which satisfies 
(a) of Definition 10.1 and fixes dd. By Lemma 10. 2| there exists a singular chain 
/ G C q+ \(M ) such that |/| = d! and df = c'. Thus [c] = [d] = 0 £ C q (M). 


To show that p is surjective, take any element d G C q (\M\). By Proposition 10.3 


there exists a modification d! of d which satisfies (a) of Definition 10.1. By Lemma 


10.2 there exists a singular chian c G C q (M) such that |c| = d'. Thus 
(10.5) p{[c]) = [|c|] = [d'} = [d]. 


Similarly we can show that s-H q {M) = H q (\M\). 


□ 


11. RATIONAL COEFFICIENTS 


In this section we show that the t-singular homology group with rational co¬ 
efficients of an orbifold is isomorphic to the usual singular homology group with 
rational coefficients of its underlying space. 

Definition 11.1. Let c = Xa=i n iV l G C q {M) be a singular chain of an orbifold 
M. Put dc = Xa=i rn i (jl i m i 7^ 0)- Let * = 1,2, ...,£ be homotopies with 
(fig = <p*. We call c s = E[ =1 n i L p l s a homotopy of c preserving the boundary 
condition if 

r 

(n.i) a(c.) = 5>*: 

i—l 

where a\ = p J s o e k if a 1 = yd o s k , j = 1,2, k = 0,1 ,..., q for each i = 

1,2,. ...r. 


Lemma 11.2. Let M be an orbifold and let c = Ei=i b e a q-dimensional 
singular chain of M. If for each vertex x v of A 9 , and for each i = 1,2,... ,k, ai is 
a multiple of w(<p l (x iy )), then we can construct a homotopy c s of c preserving the 
boundary condition such that C\ is a pre-transversal chain c mP . 
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Proof. Put y = </3 1 (a:o). We may assume that each of p 1 ,..., p e maps at least one 
vertex to y, and none of ...,p k maps any vertices to y. Take a reduced chart 
U —> U around y and let y be the point in U corresponding to y. Let (p\,..., ip l r ., 
i = 1,2,... ,i, be the structure maps of p 1 each of which maps at least one vertex 
to y, and let p). +1 ,..., p \. , i = 1,2,... be the others. By the hypothesis we 
may assume that the structure maps of <x-i p l is of the form 

(11-2) { a i9j l Pp}^=l,...,ri,g j eGy U { a i¥^ ) }?7=rj+l,...,Sj 

where a[ = ai/ffGy. Thus we can slightly modify each gj £ Gy, p = 

I, 2 ,... ,Ti, i = 1,2,... ,£, in a small neighbourhood of y preserving the face condi¬ 
tions of gjf’y'' s (not of <^*’s) so that it does not map any vertices to y (see Figure 

II. 1). Then we change the chain c to one whose structure maps are the result of 

the modification. Modifying on the other vertices as well, we obtain the desired 
homotopy c s . □ 




Figure 11.1. a modification of the structure maps in a small 
neighbourhood of y, i = 1, 2,..., 6, j G (0,1, 2} 

We call the above c mP a pre-t-modification of c from the multiplicity. 

Remark 11.3. In Lemma 11.2, c mP satisfies the following: 

(i) If dc is pre-transverse, then dc = d{c mP ). 

(ii) If c is a cycle, then [c] = [ c mP } in H q (M). 

(iii) By (11.1) we have 9(c s ) = ( dc) s where (dc) s is a homotopy of dc and is the 
restriction of c s . 

Theorem 11.4. Let M be an orbifold. Then for any q the following homology 
groups with rational coefficients are isomorphic: 

(11.3) s-H q {M- Q) 9i H q (M; Q) Si t-H q {M- Q) £* H q (\M\;Q). 

Proof. For any chain o = Y^i =i £ C r (M; Q), let w a be the least number 

such that each niw a is a multiple of w(ip t (x v )) for i = !,...,£ and v = 0,1,...,r 
where x v are the vertices of A r . By Theorem 10.6, s-H q (M; Q) = H q (M; Q) = 
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H g (\M\;Q). We will show that H q (M;Q) = t-H q (M- 1 Q). Take any [c] G H q (M; Q) 
and put c = J2i=i e Z q (M;Q). Since 


k 

(11.4) W c C = ^2 a i w c<P\ 

2—1 


there exists a pre-t-modification (w c c ) mP , which is a cycle by Lemma 11.2. By 
Lemma |ih8| there exists a t-modifiation ((w c c ) mP ) T , which is a cycle. We define a 
map T : H q (M; Q) -> t-H q (M; Q) by 


(11.5) 


*(M) = [-1-(C VcC ) mP ) T ]. 

w c 


To show that the map is well-defined, first take a t-modification (( w c c) mP ) T 
of another pre-t-modification of w c c. By the argument similar as in the proof 
of Theorem 5. 13| we can show that [-y— {{w c c) mP ) T } = [-y— ((w c c) mP ') T '] G t- 
H q (M; Q). 

Next take any c, c' G Z q (M\ Q) such that [c] = [c'] G H q (M; Q). Then there 
exists d G C g+ i(M;Q) such that c — c' = dd. Let (3 be the least number such 
that (3w d is a common multiple of w c and w c i . By Lemma 11. 2| there exists a pre- 
t-modification ( f3wdd) mP of (3w d d from the multiplicity, and by Lemma [5.§| there 
exists a t-modification (( f3wdd) rnP ) T of (/3w d d) mP . Then, by (iii) of Remark 11.3 


(11.6) d«(Pw d d) mP ) T ) = mpw d d) mP )) T 

= ((d(pw d d)r p ) T 
= ( 03w dC ) mp - (/W) mi y 
= (( (3w d c) mP ) T - ((/3 w d c') mP ) T , 


which shows 


(ii.7) k (/wr p n = i((p W dcT p n 


Since w d is a common multiple of w c and w c >, 


( 11 . 8 ) 


[^(( w c c) mP ) T ) = [^(( w c ^) mP ) T }. 


Then we have [-y— {{w c c) mP ) T ] = [yy-y ((' u VC , ) mP ) T ]- Thus fk is well-defined. 
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To show that T is a homomorphism, take any [a], [ 6 ] £ H q (M-,Q). Let 7 be the 
least number such that "fw a Wb is a multiple of w a +b- 

(11.9) T([a]) + *([&]) = [—((w a «) mPl ) Tl ] + [— {{w b b) mP *+] 

W a Wb 

1 -[((7 w a w b a) mP '+] + --- [+w a w b b) m ++ 


7 WaWb 

1 

7 W a Wb 

1 


7 WaWb 


[((7 W a WbO) 


mPi \Ti 


((' TWaWbb ) 


mP 2 \T 2 l 


[((7 u; a u ’6( a + ^)) mP ) T ] 

7W a W b 

1 r'yWaWb 


■-({Wa+bia + vrn 1 } 


JW a W b w a+b 

= [-J—(( Wa+b (a + b)r P ) T ] 

Wa+b 

= *([<» + &]) 

= *([<*] + [&])• 


To show that is injective take any [c] € H q (M;Q) such that -+[{{wcc) mP ) T ] = 
0 £ t-H q (M; Q). Then there exists d £ t-C q +\(M\ Q) such that dd = ((w c c) mP ) T . 
By (ii) of Remark 11.3, [w c c\ = [( w c c) mP } in H q {M\ Q). By making a prizm 
from a t-homotopy, we see that [(w c c) mP ] = [(( w c c) mP ) T } in H q (M;Q). Since 
d £ C g+ i(M;Q), [«j c c] = 0 G H q (M-,Q). Thus [c] = 0 G ff,(M;Q). 

To show that U/ is surjective, take any [c] G t-H q (M\ Q). Since c G Z q (M; Q), 
Vk([c]) = [c], ' □ 


Let M be an orbifold and let T : A 9 
define the weight w (T) of T as 


12. WS-SINGULAR COHOMOLOGY 

M be an s-singular simplex of M. We 


( 12 . 1 ) 


■ui('l>) = w(^(p)) 


where p is an interior point of A 9 . It is well-defined by Definition 10.1. We define 
ws-singular cochain ws-C q (M- 1 Z) as 

( 12 . 2 ) 

ws-C q (M; Z) = {7 G s-C q (M;Z) | ( 77 , \R) G u>('I')Z for each g-dimensional s-simplex d*}. 

Let S be the coboundary operator 6 : s-C q {M) —► s-C q+1 (M) defined by 

(12.3) (<5(77), c) = (rj,dc) for 7 G s-C q (M),c G s-C q+ \(M). 

By restricting <5 to ws-C q (M ), we have the cochain complex ({ws-C g (M)},6). We 
define the ws-singular cohom ology group ws-H q (M ; Z) as the cohomology group of 
({ws-C q (M)},5). In T-Y 2| , for a compact, orientable n-dimensional orbifold M, 
we will give the proof of the Poincare duality theorem: 


(12.4) t-H n _ q {M,dM; Z) £* ws-H q (M; Z), 

(12.5) ws-H n ~ q (M,dM;Z) ^ Z). 
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